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Abstract 

Motivated by the success of the non-commutative scalar Grosse-Wulkenhaar model, a 
non-commutative £/*(l) gauge field theory including an oscillator- like term in the action 
has been put forward in [l[. The aim of the current work is to analyze whether that 
action can lead to a fully renormalizable gauge model on non-commutative Euclidean 
space. In a first step, explicit one-loop graph computations are hence presented, and 
their results as well as necessary modifications of the action are successively discussed. 
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1 Introduction 

One of the big challenges of the past decade has been the construction of renormalizable 
quantum field theories (QFTs) on non-commutative space-time, usually plagued by the 
infamous UV/IR mixing problem 0, 0j 0]- Only in very special cases has this task been 
successful so far, namely in the case of scalar field theories formulated in even dimensional 
^-deformed Euclidean space: In fact, three such renormalizable models are known todajf], 



the first of which being the so-called Grosse-Wulkenhaar model [111. Il2l. 1 131] . In that model, 
the action is supplemented by an oscillator-like term which modifies the propagator in such 
a way that it becomes Langmann-Szabo invariant [l4T | (just like the modified action, in fact). 

Motivated by the success of the Grosse-Wulkenhaar model, some non-commutative 
gauge field models including similar oscillator-like terms in the action were put forward 
in Refs. [l|, [lR T3\ . The current work mainly deals with loop calculations based on the 
previous letter I], aiming to clarify whether the action we proposed there can lead to a 
renormalizable non-commutative gauge theory. In doing so, we find effective one-loop con- 
tributions to the action showing great similarities to the so-called "induced gauge theories" 



with oscillator terms which were put forward in 15|, |16|] . These findings lead us to the con- 



clusion, that (even though we do not claim to have solved the many problems concerning 



non-commutative gauge field theories in general, as was discussed in 17]]) the implemen- 
tation of a Grosse-Wulkenhaar oscillator term into gauge theories seems to be a promising 
ansatz for a renormalizable non-commutative gauge theory. However, it also seems to be 
necessary to do this in a gauge invariant manner, i.e. to consider an action derived by (or 
motivated from) the "induced gauge theories". 

Our paper is organized as follows: Section [2] briefly reviews the action and its symmetries 
followed by Section [3] where some one-loop results are presented. We finally compare the 
effective action with the induced gauge theory of [H, Qi3] in Section H] and discuss the 
consequences. 



lr rhe other two renormalizable scalar models were introduced in references @, @] and developed further 
in 0,11, H, El- 
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2 The non- commutative gauge field model with oscillator 
term 



In the simplest case of ^-deformed space-time, one considers a constant commutator [x M * x v ] e 
-k x v — x v k = \6^ v , i.e. a Heisenberg algebra for the space-time coordinates, realized 
through the so-called Groenewold-Moyal ^-product [3, 19 1. Considering four dimensional 
Euclidean space, in Ref. [lj we proposed the following non-commutative £4(1) gauge field 
actional at tree-level: 



with 



r(°) 

Sinv 



1 

4 



d x F^iu ~k F^iiz , 



— — / d A x (x„ -k C 



in > 



gf 



d*x 



n 2 



B * d^A^ - -B-kB - c-k d^sA^ - — c M * s C M 



^fj,v — dp,A v — d v A^ — ig [A^ * A u ] , 
^ = ( {{% t A,} t 4,} + [{x^ * c} * c] + [c? {x^ *, c}] 



X , 



r 1 : 



(2) 



The field A^ denotes the non-commutative generalization of a gauge field (hence the 
notation ?7*(1) f° r the deformed algebra), and -B is the multiplier field implementing a 
non-linear gauge fixing^] 



5B 



Q 2 

dpAp -B + —1 [{x^ * c] * c„] - {£„ * [c„ * c]} 



0. 



(3) 



Furthermore, we have an additional multiplier field imposing on-shell BRST invariance of 
the expression C^, 17 is a constant parameter and c, c are the ghost /antighost, respectively. 
The action ([I]) is invariant under the BRST transformations given by 



sA, 



sc 



sc„ 



= DpC = dfj,c - ig [Af. 
igc * c, 



sc = B, 
sB = 0, 

V</?G {^,S,c,c,c M }. (4) 



s 2 y 



Using these transformations, the action can be written succinctly as 



r (o) 



1 



d x I -i^ k F av + s ( — c u * C u + c * <9 U ,4 
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(5) 



The properties of the appearing fields are summarized in Table 1, where g$ denotes the ghost 
number. 



2 Some other candidates for non-commutative gauge field theories without oscillator terms were in fact 
presented in Refs. [20l. l2ll. I22I |23|. [2^] . However, these will not be discussed here. 
3 Notice, that in the limit Q, — > this becomes a Feynman gauge. 
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Table 1: Properties of the fields. 



Field 




c 


c 




B 


m 





1 


-1 


-1 





Mass dim. 


f 





2 


1 


2 


Statistics 


b 


f 


f 


f 


b 



By introducing external sources p p and a for the non-linear BRST transformations, one 
derives the Slavnov- Taylor identity 

C /T, \ f a £r to t <5r tot oT tot 5r to t , „ <5r to t . ~ <5r to t \ n 

S(r tot ) = / (Tx\ * — — + — — * — — + B-k —— + XpL * — - = , (6) 

J V op M M M oo- oc dc dCft J 

with 

rtot = r (0) + r ext , 

Text = J d 4 x -k sA p + a-ksc) . (7) 

Equation Q describes the symmetry content with respect to When taking its functional 
derivative with respect to A p and c and then setting all fields to zero one arrives at 




. . <5 2 r to t _ f ,4 / _ <5 3 r tot i 

a »6Mv)*M*) ~J \ XfM Sc(z)5A p (y)8c ll (x) ] 7 

Usually one would expect to obtain the transversality condition for the one-particle ir- 
reducible (1PI) two-point graph. However, in this case the oscillator term breaks gauge 
invariance and hence transversality, as can bee seen from the equation above: Instead one 
has a Ward identity relating the 1PI two-point graph to a three-point graph involving the 
new field c p . Graphically we can express this relation as depicted in Figure [TJ 



Figure 1: Ward identity replacing transversality 

The bilinear parts of the action ([I]) lead to the following gauge field and ghost propagators 
in momentum space: 

G£ u (p,q) = (2ir) 4 K M (p,q)5 llu , 

G~ cc (p,q) = (27r) 4 K M (p, q ), (9) 
where Km (p, q) denotes the so-called Mehler kernel 

3 °° 

Km( P , q) = ^ / da sinh 2( a ) exp (-* coth (f ) ( p tanh (f ) (P + tf) , (10) 
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which is going to be responsible for improving the IR behaviour of the model. In the limit 
uj = ^ — > oo these propagators reduce to the usual ones, i.e. 

lim K M (p, q) = \s 4 (p - q) . 
CI— >0 p z 

This can be easily verified by integrating over one of the arguments in the Mehler kernel: 

lim I d 4 qK M (p, q) = lim 1 (l - e"^ 2 ) = 1 . (11) 
Q^O J Q^O p 2 \ J p 2 

In the following sections we will discuss some one-loop properties of this model, but first some 
comments are in order: In contrast to the usual situation, the multiplier field B appears in a 
cBc vertex (in addition to the BB and BA propagators). However, since the new multiplier 
does not propagate, it is impossible to build a graph including these additional Feynman 
rules, but with only external gauge field legs. In fact, these are the types of graphs we are 
going to concentrate on in the following, and hence the Feynman rules including the fields 
B and c are ignored for now. 

3 One-loop computations 
3.1 Power counting 

Before starting the explicit calculations, we may derive estimations for the "worst case", 

1. e. the superficial degree of ultraviolet divergence, which via UV/IR mixing is directly 
related to the degree of non-commutative IR divergence. We take into account the powers 
of internal momenta k each Feynman rule contributes and also that each loop integral over 
4-dimensional space increases the degree by 4. For example, the gauge boson propagator 
usually behaves like l/k 2 for large k and therefore reduces the degree of divergence by 

2, whereas each ghost vertex contributes one power of k to the numerator of a graph, 
hence increasing the degree by one. However, in the present model all propagators, being 
essentially Mehler kernels, depend on two momenta which additionally need to be integrated 
in loop calculations. Taking into account these considerations for all Feynman rules we arrive 
at 

d 1 = 4L - 61 A - 6/ c - 57 ab - Mb + V c + V 3A + V ZcA , (12) 

where the I and V denote the number of the various types of internal lines and vertices, 
respectively. The number of loop integrals L is given by 

L = 21 a + 2I C + 21 B + 21 AB ~ (V c + V 3A + V 4A + Vc C A + V Zc2A + VzBc + Vcc2c - 1) • 

Furthermore, we take into account the relations 

E c/5 + 2I C = 2V C + V ZcA + V Zc2A + VcBc + 3V~ g2c , 
E A + 21 A + Iab = V c + 3V 3A + W A A + Vc C A + 2V Z c2A , 

E B + 21 b + Iab = V ZBc , 

Ec = VccA + V Z c2A + VcBc + ^S2c , (13) 
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between the various Feynman rules describing how they (and how many) can be connected 
to one another. The E c / & , Ea, E^ and Eb denote the number of external lines of the 
respective fields. Using these relations one can eliminate all internal lines and vertices from 
the power counting formula and arrive at 

d 7 = 4 - E A - E c/5 - E~ c - 2E B • (14) 

For the gauge boson self-energy we therefore expect the degree of divergence (UV and non- 
commutative IR) to be at worst quadratically. Gauge invariance usually reduces the degree 
of UV divergence to be merely logarithmic. However, due to the Ward identity ([8]) whose 
right hand side is non-zero, the UV divergence will in fact be worse in our case, namely 
quadratic. 



3.2 Tadpole graphs 

The two possible one-point functions (tadpoles) of this model at one-loop level are depicted 
in Figure [2j According to the Feynman rules given in (fTQl) and in Appendix |Aj the sum of 





Figure 2: tadpole graphs 



tadpole graphs is given by 



II» = 2ig I d 4 k I d 4 k'5 4 (p + k>- k) sin ( ^ ) K M (k, k') [2k„ + 3*£ 



(15) 



where the abbreviation p^ = 6^ u p v has been introduced^. In the following, we furthermore 



assume that the deformation matrix 



'/IV , 



has the simple block-diagonal form 





( 





i 








\ 


(V) = 6 




-1 
























1 






\ 








-1 





/ 


Hence one has the identity p 2 = 


--t 


>y 


which will 


si 



with 9 6 



(16) 



use of 



sin 



r/=±l 



(17) 



4 Concerning notation, notice that while in x-space we use i M = (9 1 ) l _ lv x„, in momentum space we have 
p M = Q^vPv (and likewise for all other momenta such as fc M or q^). 
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and considering "short" and "long" variables denned by u = k — k! and v = k + k' one 
arrives at 



% (P) = E / ^ ^ - P/J / ex P K [ooth (f ) p 2 + tanh (f ) , 2 ] ) 



r/=±l 
oo 



/ 



5 * l da — ^< 



cosh 



64 y sinh 5 (f) 



exp 



coth 



" + 4^ 



(18) 



regularizing the integrals by introducing a UV cutoff e = 1/A 2 . Now we consider the 
following expansion: 



+ 



+ 



(19) 



All terms of even order (i.e. of order 0,2,4,. . . ) are zero for symmetry reasons. Of the other 
terms, we now show that only the first two, namely orders 1 and 3, diverge in the limit 
e -> 0: 



• order 1: 



00 

P [ 

^4 P» U v(P) = J da 



dp 
(2 



5ig6 



[XV 



32vr 2 ^ 3 (l + ^) sinh 2 (a) 



32vr 2 u;3 (l + ^ 



1 + C(e) 



(20) 



With the external field, we obtain a counter term of the form 

74, 



32^ (l + f )' 



- - 1 + O(e) 

e 



Jd 4 xx^(x). (21) 



order 5: 



y (2vr 



P<xP{lP~{, 



U e {p)= ^y^jn ■ -^^■-i~^' [ l n£ + O (0)], (22) 
24vr 2 u; 4 (l + 



' " if] . Ul) 

and with the external field we get the counter term 



5g n 4 



[hie + O(0)] J d A xx^x 2 A^{x) . (23) 
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order 5 and higher: 

These orders are finite. The contribution to order 5 + 2n, n > is proportional to 



oo 

,n a 



f sinh n f 4 , . 

/ da r — = 7 T7 r . 24 

J cosh n+4 f (n + l)n + 3) V ; 
o 2 



Notice, that all tadpole contributions would vanish in the limit O —* as expected. When 
keeping f2 ^ 0, the two divergent terms can be removed by renormalization, i.e. by consid- 
ering the appropriate counter terms given in Eqns. (|21|) and (|23p . respectively. Remarkably, 
these terms are present in the induced action calculated in Refs. 15, [lf|. The fact that 
these graphs do not vanish also means that we need to find the correct vacuum for $7^0 
by solving the equations of motion, which at the classical level read 



grg) 

5 A v 



-A 4 + n 2 x 2 ) A v + ig [Afj, * F^t] + igdy, [Ap * A v ] + ig {d v c * c} + 

n 2 / 

du(dA) -d v B + —{ {[D u c * c M ] * x M } + \{D v c * Xfl } * c„] 

( { c t ? {A, t c M }}} + {c * {c M * * A,}}} ) = 0, (25a) 



(5r(°) n 2 / \ 

— = dpAp - B + — ( [{x M * c} * c M ] - {£„ * [c„ * c]} J = 0, (25b) 

,jp(0) ^2 

= (- A 4 + n 2 x 2 ) c - ig— ^ {{^ * c ★ c} * c^} + {x M * {c^ ? c * c}} 
+ igfy [A„ * c] = 0, (25c) 

— = (A 4 -0 2 x 2 )c+ — ^{c„* {x„* B}} + {x„* {c„* B}} 

n 2 f 

- ig [An * d^c] - —D v { Xfl * {A v * c^}} + {{^ * A„} * c M } ) + 



+ i 5 ^ ( [c * * {x M t c}]] - [c * {x M * [c * c M ]}] ) = 0, (25d) 
«5T (0) ^ 2 . 

— -—.C^O. (25e) 
Finding solutions to these equations is the task of a work in progres^H. 



3.3 Two point functions at one-loop level 

In this section we analyze the divergence structure of the gauge boson self-energy at one- 
loop level. The relevant graphs are depicted in Figure El Explicitly, the sum of these graphs 
is computed using the same techniques as in the previous section (except for the expansion 
which is not necessary here) . Once more we use long and short variables such as u = k — k' 
and v = k + k' and including their symmetry factors arrive at the following expressions for 

5 In fact, some work in this respect has been done in Refs. 0, [2(| for the induced gauge theory case 
without BRST ghosts. 
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b) 



Figure 3: Gauge boson self-energy — amputated graphs 



the three separate graphs: 



fJ,V 



d v K M {p - p',v) 



-l- sin ( i^zplj s in (fe^)£ 



(26a) 



n 



d 4 ud v Km(u, v)Km(u + p — p ,v + p + p') sin 



^) sin 



(v M u„ - u^) + ^(Ufj,v v - v^u u ) + \p'^{v + u) u + \(v - u)^p v 



+ Su 



+ 



p'(v+u) , («— «)p 



n c 



16 



J ^ l 2 1 2 1 2 
j4„, j4 



+ 5pp' 



(26b) 



d ttd v K M {u,v)K M (u + p - p',v + p + p') (v + u)^(v — u + 2p') u 



x sm , M£ ) sin ( iHz^El 



(26c) 



where p and p' denote the external momenta. In the limit £1 — > one would expect a result 
Ii liu {p,p l ) = U fMU (p)5' i (p — p') where the transversality property p^Ii^y = holds. However, 
due to fl these properties are not fulfilled, i.e. transversality is broken and one cannot 
split off a delta function. In order to reveal the divergence structure of the general result 
without the "smeared out delta function" , we additionally integrate over p'. Finally, noticing 
that the parameter integrals entering from the Mehler kernels (TlO|) . are dominated by the 
region of small a, one also needs to approximate for a <C 1 in order to extract the UV and 
IR divergent terms. We hence arrive at 



3 2) 
4 L 



4tt 2 o; e ( 1 + 



+ 



2g 2 PiiPv 



Q- 



+ logarithmic UV divergence . 



+ 



2{^2\2 



IT 2 (p 



1 + 



(27) 



In the limit Q — > (i.e. u — > oo) this expression reduces to the usual transversal term 



limn-to 



25 2 Pfj-Pu 



7T 2 (p 2 ) 2 



+ logarithmic UV divergence . 



(28) 
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which is quadratically IR divergently in the external momentum p and logarithmically UV 
divergent. Notice that the general result (1271) . on the other hand, not only breaks transver- 
sality due to the first two terms, but also has an ultraviolet divergence parameterized by e, 
whose degree of divergence is higher compared to the (commutative) gauge model without 
oscillator term. Both properties are due to the term S m in the action which breaks gauge 
invariance (cf. Eqn. (jHJ)). 

3.4 Vertex corrections at one-loop level 

The calculation of the vertex corrections generally proceeds along the lines of the previous 
section. Due to the vast amount of terms, it is however useful to use a computer: In fact 
we "taught" Wolfram Mathematica® to perform exactly the same steps that we would have 
done by hand. Hence, computing the graphs depicted in Fig. H] (and approximating for 




Figure 4: One loop corrections to the 3A-vertex. 



momentum conservation as in the previous subsections), one eventually finds a linear IR 
divergence of the form: 

3 



E 

i=i 



16Pi,liPi,vPi,p , 30 



+ 



Pi 



{$pvPi,p + 



(29) 

where p3 = —pi —p2- Once more, this expression is not transversal due to the non- vanishing 
oscillator term parametrized by f2. However, in the limit ri — ^ transverality is recovered, 
and (|29j) reduces to the well-known expression 



YimV^( Pl , P2 ,p 3 ) 



-2ig 



7T" 



1=1 



E 



Pi,fiPi,vPi,p 



Pi 



(30) 



In the ultraviolet, the graphs of Fig. H] diverge only logarithmically. 

Additionally, one has of course also one- loop corrections to the 4 A- vertex vf^'p^. How- 
ever, these show only a logarithmic divergence, as expected from the power counting (|14p . 



4 Discussion 



As already mentioned, the occurring UV counter terms of Section [3] are present in the 
induced gauge action, e.g. [la, [la]. Let us compare the expressions in more detail here. The 



In fact, this term is consistent with previous results [27 
without any additional non-local terms in the action. 



|28| . |29( calculated in the "naive" model, i.e. 
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induced (Euclidean) gauge action (in the notation of [151 ]) is given by 



Tr = 1^x^(1- pf) (A? - pf) (x u *X„ 



x 2 



+ ^(i-pjy[ [x^x,) -(^y) + --±F^*F^y (si) 



where 



" = rr4- " ? = iTo?' (32) 

The parameter pj denotes the mass of the scalar field3- Through its coupling to A^, the 
scalar field "induced" the effective one-loop action (|3ip above. The so-called covariant 
coordinates X^ are furthermore defined as 

X fl = x ll + A ll . (33) 

The first expression in the induced action (|31j) can be written as 

|- (1 - p\ ) (/I 2 - p 2 ) * X v - x 2 ) = j (1 - p 2 ) (p 2 - pj) {2x u A u + A U *A U ). (34) 



The first term of (j34"l) has to be compared with the first expression in (|2T1) , whereas the sec- 
ond one corresponds to the first term of the self energy (p7|) . However, the exact coefficients 
do not match. But since ([21 j) and (|27p only take one-loop effects into account this cannot 
be expected. Due to technical difficulties, we did not calculate the logarithmic UV diver- 
gences in all cases. Therefore, we can only compare the term proportional to x 2 (xA) given 
in Eq.(|23p. The respective term in the induced action — stemming from the {Xn * X^) 2 
term — reads 

6 (1 - prf x 2 (xA) . (35) 



In conclusion, one can state that the induced gauge theory action of Refs. 16 ] 



seems 



to be the more fundamental one when considering non-commutative gauge theories with 
Grosse-Wulkenhaar oscillator terms. The UV counter terms we have encountered here can 
be nicely accommodated. However, these models exhibit non-trivial vacuum configurations 
(which are discussed in e.g. 2^, 32, H3]) due to non-vanishing tadpoles, and it is hence not 



(yet) clear, how to do higher order loop calculations. Especially, a (highly desirable) general 
proof of renormalizability will be very involved. 



Acknowledgements 

The authors are indebted to R. Sedmik for providing valuable assistance with Wolfram 
Mathematica® . 

The work of D. N. Blaschke, E. Kronberger and M. Wohlgenannt was supported by the 
"Fonds zur Forderung der Wissenschaftlichen Forschung" (FWF) under contracts P20507- 
N16 and P21610-N16. 

7 The index / in all variables of (I31f) merely indicate that they belong to the "induced" action and need 
not be equal to the according ones in our present model. 



11 



A Vertices 

The vertices used for the graphs in Section [3] are given by 



V* A T (h,k 2 , k 3 ) = 2ig(2ir) 4 5\k 1 + k 2 + k 3 ) [(k 3 - k 2 ) p 8, 



p w ar 



+ (ki - k 3 ) a 5 pT + (k 2 - h) T 5 pa ] sin 



k-i k 



l«-2 



V* A Te (h, k 2 ,k 3 , k 4 ) = -V(2 7 r) 4 5 4 (fc 1 + k 2 + k 3 + h) 



pare 



(Spr^ae ~ S pe S aT ) SU1 



+(Spa5 T e - S pe 5 aT )sin 



1«<2 



k\k 3 



k 2 k 3 



sm 



sm 



sm 



k 3 k A 

, 2 J 
' k 2 ki 

' k\k± 



VZ(qi, k 2 ,q 3 ) = -2k7(2vr) 4 (5 4 (<?i + k 2 + q 3 )q 3fl sin 



qm 



(36a) 



(36b) 
(36c) 
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